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Equilibrium allocations

Let production function be of Cobb-Douglas type Y = K�L1��. It
is CRS: zY = (zK )�(zL)1��.

De�ne z � 1

L
to obtain ypw = (kpw )

�, where kpw = K
L
and

ypw = Y
L
.

The steady-state equilibrium in this economy is de�ned from
s(k�pw )

� = (n + �)k�pw .

Thus, k�pw =
�

s
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� 1

1��

.

Also, y�pw = (k�pw )
� =

�
s
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� �

1��

, c�pw = (1� s)
�

s
n+�

� �

1��

.

Countries with higher investment rates, lower population growth
rates, lower depreciation rates, and lower degree of the decline in
the marginal product of capital will be richer relative to the
otherwise similar countries.



Equilibrium prices

We know that

w = FL = (1� �)K�L�� = (1� �)
K�L1��

L

= (1� �)
Y

L
= (1� �)ypw :

The rental price of capital

R = FK = �K��1L1�� = �
K�L1��

K
= �

Y

K
= �

Y =L

K=L
= �

ypw

kpw
:

The real interest rate is equal to

r = FK � � = �
ypw

kpw
� �:



Prices in the steady state equilibrium

In the steady-state equilibrium, w� = (1� �)y�pw and R� = �
y�
pw

k�
pw

.

For our example,
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�
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�
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and

r� = �
n + �

s
� �:



Income shares of labor and capital costs

We know that Y = wL+ RK , and the share of labor costs/income
and capital costs/income in total income are equal to wL

Y
and RK

Y
,

respectively.
Thus,

1 =
wL

Y
+
RK

Y
=

wL=L

Y =L
+
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Y =L
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w
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+
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=
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kpw

kpw
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= (1� �) + �:

Thus, for a Cobb-Douglas production function Y = K�L1��, the
share of labor and capital costs in total income are constant, and
equal to (1� �) and �, respectively.



Growth rates in the steady state

Note that k�pw and y�pw are constant in the steady state. What
about K and Y ? By de�nition,

K = kpwL:

Therefore,

�K

K
=

�kpw

kpw
+

�L

L
:

In the steady state,
�k�

pw

k�
pw

= 0 and so �K
K

= �L
L

= n|aggregate

capital grows at a constant rate equal to the growth rate in
population, n. The same can be shown for aggregate output, Y .



Golden rule steady state|1

If Y = K�L1��, then the golden-rule savings rate in the economy
is equal to �, the share of capital income in total income.

In other words, if the economy saves at the rate s = �, then it will
reach the golden-rule steady state.

For the economy without technological progress, the golden-rule
capital per worker is obtained from MPK = n + �.

For this production function,

MPK = FK (K ; L) = �K��1L1�� = �
�
K
L

���1
= �k��1pw .

Thus, the golden rule capital per worker is obtained from

�k��1pw ;gold = n + �:

and so kpw ;gold =
�

�
n+�

� 1

1��

.



Golden rule steady state|2

If the economy saves its capital income, the total savings in the
economy are �Y , the per worker savings are �ypw .

For this economy, the steady state occurs when

�(k�pw )
� = (n + �)k�pw , i.e., when k�pw =

�
�

n+�

� 1

1��

, which is

exactly equal to the golden rule capital per worker we've just found.



Transitional dynamics

We assume that the economy is in the steady state (or on a
balanced growth path) and, then, there is some change in
exogenous parameters of the model, s, g , �, or n.

We can also analyze some sudden changes in the economy, like
destruction of the capital stock or an in
ow of labor, say, due to
immigration.

See the note.
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